Abstract. An explicit formula for the height-one multiple zeta values was proved by Kaneko and the second author. We give an alternative proof of this result and its generalization. We also prove its counterpart for the finite multiple zeta values.
Introduction/Main theorem
For positive integers k 1 , . . . , k d ∈ N with k 1 ≥ 2, the multiple zeta value (MZV) is defined by
The quantities wt(k) := k 1 + · · · + k d , dep(k) := d, and ht(k) := #{i | k i ≥ 2, 1 ≤ i ≤ d} are called the weight, the depth, and the height of the index set k = (k 1 , . . . , k d ) (or of the multiple zeta value ζ(k) = ζ(k 1 , . . . , k d )), respectively. For two indices k = (k 1 , . . . , k i ) and r = (r 1 , . . . , r i ) of the same depth, ζ(k + r) denotes ζ(k 1 + r 1 , . . . , k i + r i ). In [3] , M. Kaneko and the second author proved the following explicit formula for the height-one multiple zeta values. We note that the right-hand side of this formula is symmetric in r and k, and thus the formula makes the duality ζ(k + 1, 1, . . . , , . . . , k d + 1, 1, . . . , 1
The case d = 1 of Theorem 1.2 gives Theorem 1.1. In this paper, we will give two different proofs of Theorem 1.2. The first proof is based on the duality theorem and Ohno's relations, and the second is on the derivation relations. We also introduce a counterpart of this theorem for the finite multiple zeta values. The symbol ζ F in the following stands for the finite multiple zeta values, which will be defined in section 4.
and r ∈ N with r ≥ d, we have
, . . . , 1, . . . , 1
We note that one must include strings that start with 1's in the case of ζ F . Let us give some examples of the above theorems. 
Remark 1.7. S. Yamamoto also obtained a generalization of Theorem 1.1 by using generating function.
Proof of main theorem
2.1. The duality theorem and Ohno's relations for the MZVs. We recall some known results that will be used in the proof of Theorem 1.2. ).
The following result, which is a direct consequence of the iterated integral expression, provides the so-called duality theorem for the MZVs.
Ohno's relations is one of the most general explicit relations among the MZVs. This is a generalization of both the duality theorem above and the well-known sum formula.
where (k
From Ohno's relations, we have
).
Then,
(1)
and r ∈ N with r ≥ d, and a variable s ∈ N, we set
where the sum runs over those r i s such that the argument of ζ is of height s. For each j in equation (1), the number of each height s MZV is 
From the binomial theorem and the duality theorem, we have
3. Alternative proof 3.1. Algebraic setup and the derivation relations. In this section, we give an alternative proof of Theorem 1.2. Throughout the proof, we use the algebraic setup introduced by M. Hoffman in [1] . Let H := Q x, y be the noncommutative polynomial ring in two indeterminates x, y, and H 1 (resp. H 0 ) its subrings Q + Hy (resp. Q + xHy). We set z k := x k−1 y (k ∈ N). Then H 1 is freely generated by {z k } k≥1 . We define the Q-linear
. Such a derivation is uniquely determined by its images of generators x and y. Set z := x + y. For each l ∈ N, the derivation ∂ l on H is defined by ∂ l (x) := xz l−1 y and ∂ l (y) := −xz l−1 y. We note that ∂ l (1) = 0 and ∂ l (z) = 0. K. Ihara, Kaneko and D. Zagier proved the derivation relations for the MZVs.
Now, we prepare some additional notation. Let α be the endmorphism on H such that α(x) := x − xy and α(y) := −xy, and τ be the anti-automorphism on H such that τ (x) := y and τ (y)
By Theorem 3.1, we have
From the equality (2) and by putting α(
Here,
When e i,j = 0, we understand x ei,j y = −x. On the other hand,
Then, we have
In the L.H.S. of the above equality, each (−x e1,1 y) · · · (−x e 1,k i −1 y)x e 1,k i y is corresponding to 'the refinement of k i ' + 'the part of r' with signs of the R.H.S. of Theorem 1.2. Thus, we have the desired result. We consider the collection of truncated sums
modulo all primes p in the quotient ring A = ( p Z/pZ)/( p Z/pZ), which is a Q-algebra. Elements of A are represented by (a p ) p , where a p ∈ Z/pZ, and two elements (a p ) p and (b p ) p are identified if and only if a p = b p for all but finitely many primes p. For integers k 1 , . . . , k d ∈ N, the A-finite multiple zeta value
The symmetrized multiple zeta values was first introduced by Kaneko and Zagier in [4, 5] . For integers
Here, the symbols ζ * on the right-hand sides stand for the regularized values coming from harmonic regularizations, i.e., real values obtained by taking constant terms of harmonic regularizations as explained in [2] . In the sum, we understand ζ * (∅) = 1. Let Z R be the Q-vector subspace of R spanned by 1 and all MZVs, which is a Q-algebra. Then, the symmetrized multiple zeta value ζ S (k 1 , . . . , k d ) is defined as an element in the quotient ring Z R /ζ(2) by
(For more details, see [4, 5] .) Now, we restate our second main result which was introduced in section 1.
Remark 4.2. Denoting Z A by the Q-vector subspace of A spanned by 1 and all A-finite multiple zeta values, Kaneko and Zagier conjecture that the homomorphism
is an isomorphism.
4.2.
Proof of Theorem 4.1. 
Then, Ohno type relations is the following:
where (k , r k1 + 2,
, r k1 + 2,
where the sum runs over those r i s such that the argument of ζ F is of height s. By concentrating on the height, and adding up all the terms, then re-arranging the sums; we have
4.3.
Alternative proof of Theorem 4.1.
4.3.1.
The derivation relations for the FMZVs. The derivation relations for the FMZVs is conjectured by Oyama and proved by the first author in [6] . We define two Q-linear maps Z A : H 1 → A and Z S : H 1 → Z R /ζ(2) respectively by Z A (1) := 1 and 
Since 
This completes the proof of the theorem.
